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We derive the second order hydrodynamic equations for the relativistic system of multi-
components with multiple conserved currents by generalizing the Israel-Stewart theory and Grad’s
moment method. We find that, in addition to the conventional moment equations, extra moment
equations associated with conserved currents should be introduced to consistently match the number
of equations with that of unknowns and to satisfy the Onsager reciprocal relations. Consistent ex-
pansion of the entropy current leads to constitutive equations which involve the terms not appearing
in the original Israel-Stewart theory even in the single component limit. We also find several terms
which exhibit thermal diffusion such as Soret and Dufour effects. We finally compare our results
with those of other existing formalisms.
PACS numbers: 25.75.-q, 25.75.Nq, 12.38.Mh, 12.38.Qk
I. INTRODUCTION
Hydrodynamics, which is grounded on conservation
laws under local equilibrium conditions, is widely used
in general physics. Its relativistic version taking account
of irreversible processes was initiated by Eckart [1] many
years ago. Later, Landau [2] applied relativistic hydro-
dynamics to multi-particle production in hadron-hadron
collisions in cosmic ray events. Just after the historical
work, the applicability of relativistic hydrodynamics by
Landau was examined in terms of quantum field theories
[3]. However, the theories by Eckart [1] and by Landau [4]
share a common problem that dissipative perturbation
propagates at infinite speed [5], which is obviously in-
compatible with the concept of causality in the relativis-
tic theory. The problem is originated from rather phe-
nomenological constitutive equations for dissipative cur-
rents: Instantaneous responses to thermodynamic forces,
which are usually assumed in non-relativistic irreversible
processes such as Fourier’s law and Newton’s law, lack
the relaxation of the dissipative currents. The theory
is called first order theory when the dissipative currents
are proportional to thermodynamic forces since the en-
tropy current in ideal hydrodynamics is corrected by the
linear terms of dissipative currents. On the other hand,
second order theory, in which the entropy current has
quadratic terms of dissipative currents, leads to the re-
laxation terms for dissipative currents and therefore can
satisfy the causality. So far, a wide variety of second
order theories [6–21] have been proposed as relativistic
theories of irreversible processes. The expression of con-
stitutive equations, however, varies among theories.
In this paper, we derive relativistic dissipative hy-
drodynamic equations at the second order with multi-
components as well as multiple conserved currents. One
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finds several approaches to obtain constitutive equations
for relativistic systems in the literature. First of all, to
clarify the aim of this paper, we categorize the systems
into four classes according to the number of components
and their interaction: (a) single component with binary
collisions, (b) single component with elastic and inelas-
tic collisions, (c) multi-components with binary collisions
and (d) multi-components with elastic and inelastic col-
lisions. In all the classes above, one of the macroscopic
equations to be solved is the energy-momentum conserva-
tion. The typical situation, which can be found in many
textbooks of kinetic theory or non-equilibrium statistical
physics, belongs to the first class (a), in which the number
of particles is conserved during evolution. In addition to
the energy-momentum conservation, one needs to solve
the continuity equation of the number of particles. In
the second class (b), the number of particles is deter-
mined locally by temperature and is not necessary con-
served due to inelastic processes during evolution under
local thermal and chemical equilibrium. Then, one solves
the energy-momentum conservation only in this case. In
the third class (c), the number of each component is
conserved due to binary collisions. Thus, the number
conservation for each component as well as the energy-
momentum conservation are solved simultaneously. In
the fourth class (d), which we will discuss in this paper,
the number of each component may not be conserved
due to inelastic collisions or chemical reactions. However,
there can exist several conserved numbers due to symme-
try of Lagrangian under some continuous transformation.
Instead of the number conservation for each component,
one needs to solve the continuity equations of conserved
charges together with energy-momentum conservation.
Note that the number of components does not need to
coincide with the number of conserved currents. To our
best knowledge, no systematic investigation is available
for the class (d) above even though it is the most impor-
tant situation in ultra-relativistic systems at very high
temperature in which particle creation and annihilation
take place frequently.
2The importance of relativistic hydrodynamics [22]
has been increasing after the discovery of the “perfect
fluid” quark-gluon plasma (QGP) in Au+Au collisions
at
√
sNN = 200 GeV at Relativistic Heavy Ion Collider
(RHIC) in Brookhaven National Laboratory (BNL) [23].
This fact has been quantified by reproducing, within ideal
hydrodynamic models [24–26], particle spectra as well as
elliptic flow coefficients v2 (ellipticity of radial flow in mo-
mentum space [27]) as functions of centrality, transverse
momentum and pseudorapidity from experimental data
[28–30]. Since ideal hydrodynamic models are approx-
imation in the sense that all non-equilibrium processes
are omitted, our next step should be to include small
viscosity to capture the correct physics. The reasonable
agreement of ideal hydrodynamic results with experimen-
tal data suggests that the system is not so far from equi-
librium, i.e., viscous hydrodynamic models can be jus-
tified for the QGP at RHIC energies. In Large Hadron
Collider (LHC) experiments which have just begun [31]
and are planned to eventually reach
√
sNN = 5.5 TeV
in the heavy ion program, viscous hydrodynamic mod-
els will become even more important in quantifying the
properties of the hot QCD matter and examining the ap-
plicability of hydrodynamic models. It should be noted
here that hydrodynamics and a hydrodynamic model are
different concepts and thus are to be distinguished; the
former is a general macroscopic theory that describes
strongly-coupled relativistic systems, while the latter is
a specific model based on hydrodynamics that describes
the phenomena of interest, namely relativistic heavy ion
collisions. It is essential that viscous hydrodynamics be
established before constructing any realistic models for
heavy ion collisions.
We aim to develop the formalisms of relativistic dissi-
pative hydrodynamics for multi-component systems with
multi-conserved currents by determining the distortion of
distribution functions and then constraining the constitu-
tive equations for the dissipative currents. The discussion
for multi-component systems was not recognized well in
the context of highly relativistic system where particle
creation and annihilation take place, but it turned out
to be far from trivial [32]. Multi-component hydrody-
namics is important in developing dissipative hydrody-
namic models for the hot QCD matter, which also is a
multi-component system. We also consider systems with
multiple conserved currents because one should be able to
introduce more than one conserved charge such as baryon
number and strangeness to the system.
This paper is organized as follows. In Sec. II, we show
how to consistently formulate the second order consti-
tutive equations for multi-component systems. The sys-
tems with multiple conserved currents are considered. In
Sec. III, we discuss the correspondences between our re-
sults and several different existing second order equa-
tions. The conclusion will be given in Sec. IV. The
Minkowski metric gµν = diag(+,−,−,−) and the nat-
ural unit c = ~ = kB = 1 are used throughout this
paper.
II. DERIVATION OF SECOND-ORDER
VISCOUS HYDRODYNAMIC EQUATIONS
We derive macroscopic dissipative hydrodynamic equa-
tions in multi-component systems with multiple con-
served currents by extending the Israel-Stewart second
order theory [7]. We consider the third moment of the
distribution function f i and constrain its derivative from
the second law of thermodynamics. We also discuss ad-
ditional moment equations which do not appear in the
conventional Israel-Stewart formalism to consistently de-
scribe multi-component systems.
We find several non-trivialities of multi-component sys-
tems in the course of the formulation. Firstly, the ther-
modynamic stability conditions, which ensure that the
system is in maximum entropy state in terms of dissipa-
tive currents, have to be employed after the constitutive
equations for dissipative currents are obtained, because
the number of the constitutive equations and that of the
dissipative currents would not match if the conditions
were considered beforehand. Secondly, the second law of
thermodynamics requires a specific tensor structure for
moment expansion of the distortion of the distribution
δf i in a multi-component system, which justifies the re-
sult of Ref. [32]. Thirdly, if the system has conserved cur-
rents we need to consider new moment equations to con-
sistently formulate multi-component relativistic dissipa-
tive hydrodynamics. These equations also allow us to de-
termine all the dissipative currents in an arbitrary frame,
which the conventional Israel-Stewart theory would not
do.
The existence of multiple conserved currents also
brings uncertainties to the conventional Grad’s 14-
moment method since it is no longer applicable when
more than 14 dissipative currents are present. In this
paper we consider systems with conservations based on
quantum numbers, such as baryon number, strangeness
and isospin. In other words, inelastic scattering and
chemical interactions are present. It should be noted
again that the number of conserved currents and that of
particle species in the system are generally different when
inelastic processes are present. We propose a generalized
moment method based on Onsager reciprocal relations
[33] to describe such systems without ambiguity.
A. Extended Second Order Israel-Stewart Theory
for Multi-Component Systems with Multiple
Conserved Currents
We would like to introduce thermodynamic quantities
in the tensor decompositions of the energy-momentum
tensor and the conserved currents. In the ideal relativis-
tic hydrodynamics the energy-momentum tensor and the
conserved currents are expressed as
T
µν
0 = e0u
µuν − P0∆µν , (1)
N
µ
J0 = nJ0u
µ, (2)
3where the index J (J = 1, · · · , N) denotes different types
of conserved currents. Here N is the number of con-
served currents. uµ is the four velocity normalized as
uµuµ = 1. ∆
µν = gµν − uµuν is the projection opera-
tor. e0 = uµT
µν
0 uν , P0 = − 13∆µνT µν0 and nJ0 = uµNµJ0
denote the energy density, the hydrostatic pressure and
the charge number density of the J-th conserved cur-
rent, respectively. The number of unknowns here is
5 + N because one has e0(1 unknown), P0(1 unknown),
nJ0 (N unknowns) and u
µ(3 unknowns). On the other
hand there are only 4 + N equations from the energy-
momentum conservation and the charge number conser-
vations to describe the system:
∂νT
µν = ∂νT
µν
0 = 0, (3)
∂µN
µ
J = ∂µN
µ
J0 = 0. (4)
Therefore, one needs to introduce the equation of state
P0 = P0(e0, {nJ0}) from microscopic physics to com-
pletely determine the space-time evolution of the system.
On the other hand, the energy-momentum tensor and
the conserved currents in relativistic dissipative hydro-
dynamics are tensor-decomposed into
T µν = (e0 + δe)u
µuν − (P0 +Π)∆µν
+ 2W (µuν) + πµν , (5)
N
µ
J = (nJ0 + δnJ)u
µ + V µJ . (6)
We denote the dissipative parts of the above equations
as δT µν = T µν − T µν0 and δNµJ = NµJ − NµJ0. Then
Π = − 13∆µνδT µν is the bulk pressure,Wµ = ∆µαδTαβuβ
the energy current, πµν = δT 〈µν〉 = [ 12 (∆
µ
α∆
ν
β +
∆µβ∆
ν
α) − 13∆µν∆αβ ]δTαβ the shear stress tensor and
V
µ
J = ∆
µ
νδN
ν
J the charge current of the J-th con-
served current. Round bracket for Lorentz indices de-
notes symmetrization as A(µBν) = 12 (A
µBν + BµAν).
δe = uµδT
µνuν and δnJ = uµδN
µ
J are the distortion of
the energy density and of the J-th charge density, respec-
tively. They actually vanish because the stability condi-
tions need to be employed. The details can be found in
Appendix of Ref. [32]. However, we have to keep these
quantities for the moment to correctly count the number
of unknowns.
The energy-momentum conservation and the charge
number conservations in non-equilibrium systems are
tensor-decomposed into
D(e0 + δe) = −(e0 + δe+ P0 +Π)∇µuµ
+ 2WµDuµ −∇µWµ
+ πµν∇〈µuν〉, (7)
(e0 + δe+ P0 +Π)Du
µ = ∇µ(P0 +Π)−Wµ∇νuν
− ∆µνDWν −W ν∇νuµ
+ πµνDuν −∆µν∇ρπνρ, (8)
D(nJ0 + δnJ) = −(nJ0 + δnJ )∇µuµ
− ∇µV µJ + V µJ Duµ, (9)
where the time-like and the space-like derivatives are de-
fined as D = uµ∂µ and ∇µ = ∆µν∂ν , respectively.
There are 10 + 4N additional macroscopic variables
Π, δe, Wµ, πµν , δnJ and V
µ
J , which originate from 10
independent components of δT µν and 4N independent
components of δNµJ . Therefore one needs to introduce
constitutive equations for these dissipative currents to
completely describe the system. The relativistic Navier-
Stokes equations of the dissipative currents can be ob-
tained by considering the law of increasing entropy. The
energy momentum tensor T µν, the conserved currents
N
µ
J and the entropy current s
µ are expressed in kinetic
theory with the microscopic phase-space distribution f i
as
T µν =
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i p
ν
i f
i, (10)
N
µ
J =
∑
i
∫
qJi gid
3p
(2π)3Ei
p
µ
i f
i, (11)
sµ = −
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i φ(f
i), (12)
where gi is the degeneracy and q
J
i the conserved charge
number of the J-th conserved current. φ(f i) = f i ln f i−
ǫ−1(1 + ǫf i) ln(1 + ǫf i) where the sign factor ǫ is +1 for
bosons, −1 for fermions and 0 for classical particles. In
the classical limit, φ(f i) reduces to f i ln f i − f i.
We write the expansion of the entropy current up to
the second order in δf i = f i − f i0 as
sµ = sµ0 + δs
µ
(1) + δs
µ
(2) +O(δf3). (13)
If one naively considers the first order dissipative cor-
rection then one obtains the Navier-Stokes expressions
of the relativistic constitutive equations from the law
of increasing entropy. Here we would like to empha-
size that as is the case for standard statistical mechanics,
one needs to have Onsager cross terms in the first order
expressions, even though they are sometimes neglected
in conventional relativistic formalisms. The cross terms
are actually essential because they give rise to impor-
tant physics such as Soret and Dufour effects and also
play a significant role in preserving the law of increas-
ing entropy. Detailed discussion on the relativistic linear
response theory can be found in Appendix A. However,
the formalism is known to be both acausal and unstable
[5] as they allow propagation of information faster than
the speed of light. To avoid such unnatural behavior, one
has to consider the second order correction to sµ which
introduces relaxation effects on the dissipative currents.
Israel-Stewart formalism of the second order single-
component dissipative hydrodynamics can be derived
from the third moment of the distribution f i. We gen-
eralize the formalism to multi-component systems and
write
∂αI
µνα =
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i p
ν
i p
α
i ∂αf
i = Y µν . (14)
Here Y µν is a symmetric tensor which we will deter-
mine later. There are 10 independent equations, which
4are, when projected either parallel/perpendicular to the
flow uµ, the scalar equations uµuν∂αI
µνα = uµuνY
µν
(1 equation) and ∆µν∂αI
µνα = ∆µνY
µν (1 equation),
the vector equation ∆ρµuν∂αI
µνα = ∆ρµuνY
µν (3 equa-
tions) and the tensor equation ∂αI
〈µν〉α = Y 〈µν〉 (5 equa-
tions).
On the other hand, the number of unknown dissipative
currents is 10 + 4N in the systems with non-vanishing
chemical potentials. In this respect, we need 4N more
equations to fully determine the system. Since the con-
ventional moment equations are the derivatives of the
higher order moment for the energy-momentum conser-
vation as shown in Eq. (14), it would be natural to in-
troduce new moment equations in multi-component sys-
tems,
∂αI
µα
J =
∑
i
∫
qJi gid
3p
(2π)3Ei
p
µ
i p
α
i ∂αf
i = Y µJ , (15)
which are the derivatives of the higher order moment
for the charge number conservations. One might argue
that weight factors other than the conserved charge num-
ber qJi could have been chosen to construct the moment
equations, but Eq. (15) is the only vector equation which
vanishes in the limit of zero net charge number densi-
ties. This formalism not only makes the correspondence
between the number of equations and that of unknowns
clear, but also allows one to construct an arbitrary num-
ber of moment equations of the form ∂αI
µα
J = Y
µ
J de-
pending on how many conserved charge currents the sys-
tem possesses.
We now have 10+4N equations for 10+4N dissipative
currents. The next task is to estimate Y µν and Y µJ to de-
rive the constitutive equations in terms of the dissipative
currents. The constraints are again given by the second
law of thermodynamics. The definition of the entropy
current (12) gives
∂µs
µ = −
∑
i
∫
gid
3pi
(2π)3Ei
p
µ
i
∂φ
∂f i
∂µf
i
=
∑
i
∫
gid
3pi
(2π)3Ei
p
µ
i y
i∂µf
i, (16)
where yi is defined in f i = [exp(yi)− ǫ]−1. As discussed
in Appendix A, the second order constitutive equations
depend on an explicit form of the off-equilibrium distri-
bution f i, or equivalently, yi. When the deviation from
the local thermal equilibrium is small, we may write yi
as
yi = yi0 + δy
i, (17)
where yi0 is defined in f
i
0 = [exp (y
i
0)− ǫ]−1, which means
yi0 = −
∑
J
qJi µJ
T
+ pµi
uµ
T
. (18)
µJ is the chemical potential associated with the J-th con-
served quantity. We estimate the off-equilibrium correc-
tion δyi through Grad’s moment method. The conven-
tional Grad’s 14-moment method [7, 34] cannot be gener-
ally applied to the systems with N conserved charge cur-
rents because the number of macroscopic variables is then
10 + 4N whereas that of unknowns in the expansion re-
mains 14. Actually, if the system has no conserved charge
currents, i.e., N = 0, the system also cannot be solved,
unless the concept of one conserved current is present in
the system. This means that the system of single com-
ponent with binary collisions or multi-components with
one conserved charge current is implicitly assumed in the
Grad’s 14-moment method. In the latter case, if there is
no conserved charge current, the limit of vanishing chem-
ical potential for the stability condition can be taken [32].
Thus we have to introduce 10+ 4N unknowns in the ex-
pansion as well. If we demand that (i) the distortion of
the distribution can be expressed in terms of the dissi-
pative currents, (ii) the resulting constitutive equations
for the dissipative currents satisfy the Onsager reciprocal
relations and (iii) an arbitrary number of conserved cur-
rents can be introduced to the system and the effects of
a conserved current vanish in the vanishing limit of the
corresponding chemical potential, then the only possible
way is to assume the expansion
δyi = pµi
∑
J
qJi ε
J
µ + p
µ
i p
ν
i εµν , (19)
where εJµ and εµν are macroscopic coefficients of the ex-
pansion which include information of all the components
in the system. We will see later that this indeed yields the
second order constitutive equations which are reasonable
compared with those of other formalisms.
We make several comments on this distortion δf i.
Firstly, a non-zero trace tensor correction εµν is con-
sidered instead of a scalar and traceless tensor correc-
tion in Eq. (19). We will see later that this must be
the case for multi-component systems [32] because of
the law of increasing entropy. Secondly, if one consid-
ers a single component system with binary collisions,
i.e., q = 1, then Eq. (19) reduces to the expansion
δy = pµεµ + p
µpνεµν which is equivalent to the conven-
tional Grad’s 14-moment method mentioned in Ref. [7].
Note that this is not completely equivalent to the Grad’s
14-moment method for the systems with chemical inter-
action. Thirdly, the distribution function satisfies the
stability conditions because δe and δnJ are treated care-
fully in this formalism and they can be considered zero
after the constitutive equations are derived.
The unknowns in the distortion of the distribution can
be determined by matching the macroscopic variables
and the ones calculated in relativistic kinetic theory. We
first tensor-decompose the 10+4N unknowns εµν and ε
J
µ
in terms of the flow as
εµν = ε
‖‖uµuν + ε
⊥⊤∆µν
3
+ 2ε
⊥‖
(µ uν) + ε
⊥⊥
µν , (20)
εJµ = ε
‖
Juµ + ε
⊥
Jµ, (21)
5where we employed the notations ε⊥⊤ = ∆
µνεµν , ε‖‖ =
uµuνεµν , ε
J
‖ = u
µεJµ, ε
µ
⊥‖ = ∆
µνuρενρ, ε
Jµ
⊥ = ∆
µνεJν and
ε
µν
⊥⊥ = ε
〈µν〉. Then the consistency conditions can be
expressed as
J0


ε⊥⊤
ε‖‖
εJ1‖
εJ2‖
· · ·

 =


−Π
δe
δnJ1
δnJ2
· · ·

 , (22)
J1


ε
µ
⊥‖
ε
J1µ
⊥
ε
J2µ
⊥
· · ·

 =


Wµ
V
µ
J1
V
µ
J2· · ·

 , (23)
J2εµν⊥⊥ = πµν , (24)
where the matching matrices are defined as
J0 = −


5
3J42 J41 J
j1
31 J
j2
31 · · ·
J41 J40 J
j1
30 J
j2
30 · · ·
J
j1
31 J
j1
30 J
j1j1
20 J
j1j2
20 · · ·
J
j2
31 J
j2
30 J
j1j2
20 J
j2j2
20 · · ·
· · · · · · · · · · · · · · ·

 , (25)
J1 = −


2J41 J
j1
31 J
j2
31 · · ·
2Jj131 J
j1j1
21 J
j1j2
21 · · ·
2Jj231 J
j1j2
21 J
j2j2
21 · · ·
· · · · · · · · · · · ·

 , (26)
J2 = −2J42. (27)
Here the moments of the distribution are defined as
J
µ1···µm
jk··· =
∑
i
∫
(qJi q
K
i · · · )gid3p
(2π)3Ei
f i0(1 + ǫf
i
0)p
µ1
i · · · pµmi
=
∑
n
[
(∆µ1µ2 · · ·∆µ2n−1µ2nuµ2n+1 · · ·uµm)
+ (permutations)
]
Jjk···mn , (28)
where the index jk · · · denotes the additional weight fac-
tor qJi q
K
i · · · in the summation over particle species i.
The moments with no index mean no weight factor in the
summation. Note that the moments with double charge
weight, e.g., qJi q
J
i do not vanish in the limit of vanishing
chemical potential.
Then Eqs. (22)-(24) can be easily solved and we obtain
εµν = (BΠΠ+Bδeδe+
∑
J
BδnJ δnJ)∆µν
+ (B˜ΠΠ+ B˜δeδe+
∑
J
B˜δnJ δnJ)uµuν
+ 2BWu(µWν) + 2
∑
J
BVJu(µV
J
ν) +Bpiπµν ,(29)
εJµ = (D
J
ΠΠ+D
J
δeδe+
∑
K
DJδnK δnK)uµ
+ DJWWµ +
∑
K
DJVKV
K
µ , (30)
where B’s and D’s are macroscopic quantities which can
be determined by temperature and chemical potential
only and are momentum independent. They contain in-
formation of all the constituent particles in the system.
The explicit expressions of the prefactors for the dissipa-
tive currents in relativistic kinetic theory are
BΠ = −1
3
(J −10 )11, Bδe =
1
3
(J −10 )12, (31)
BδnJ =
1
3
(J −10 )1,2+j , B˜Π = −(J −10 )21, (32)
B˜δe = (J −10 )22, B˜δnJ = (J −10 )2,2+j , (33)
BW = (J −11 )11, BVJ = (J −11 )1,1+j , (34)
Bpi = (J −12 )11, DJΠ = −(J −10 )2+j,1, (35)
DJδe = (J −10 )2+j,2, DJδnK = (J −10 )2+j,2+k, (36)
DJW = (J −11 )1+j,1, DJVK = (J −11 )1+j,1+k, (37)
where 1 ≤ (k, l) ≤ N . It should be noted that δyi is ex-
pressed as linear combinations of the dissipative currents.
Higher order contributions are discussed in Appendix B.
The entropy production (16) is now expressed as
∂µs
µ =
∑
i
∫
gid
3p
(2π)3Ei
(yi0 + δy
i)pµi ∂µf
i
=
∑
i
∫
gid
3p
(2π)3Ei
[
−
(∑
J
qJi µJ
T
)
+
(
uν
T
+
∑
J
qJi ε
J
ν
)
pνi + ενρp
ν
i p
ρ
i
]
p
µ
i ∂µf
i
=
∑
J
εJνY
ν
J + ενρY
νρ ≥ 0, (38)
where we have used the energy-momentum conservation
and the charge number conservations. The tensor struc-
tures of ενρ and ε
J
ν in terms of the flow u
µ needs to
be reflected on Y νρ and Y νJ in linear response theory.
Note that again the “cross terms” are allowed for the
reason mentioned in Appendix A. The finite trace tensor
correction to the distribution εµν is required instead of
the traceless one with the scalar correction ε for systems
with multi-components and/or multiple conserved cur-
rents, because Y µµ 6= 0 can be shown from the fact that
the trace of Eq. (14) is not generally zero, i.e.,
∂αI
µα
µ =
∑
i
m2i
∫
gid
3p
(2π)3Ei
pαi ∂αf
i 6= 0, (39)
and the existence of the moment equation for ε violates
the matching of the number of dissipative currents and
that of the constitutive equations. It gives a justification
to the expansion Eq. (19) that a non-zero trace εµν should
be considered. The tensor structures of Y µν and Y µJ are
6then expressed as

Y⊥⊤
Y‖‖
Y J1‖
Y J2‖
· · ·

 = C
−1
0


ε⊥⊤
ε‖‖
εJ1‖
εJ2‖
· · ·

 , (40)


Y
µ
‖⊥
Y
J1µ
⊥
Y
J2µ
⊥
· · ·

 = −C−11


ε
µ
‖⊥
ε
J1µ
⊥
ε
J2µ
⊥
· · ·

 , (41)
Y
µν
⊥⊥ = C−12 εµν⊥⊥, (42)
where
Yµν = Y
‖‖uµuν + Y
⊥⊤∆µν
3
+ 2Y
‖⊥
(µ uν) + Y
⊥⊥
µν ,(43)
Y Jµ = Y
‖
J uµ + Y
⊥
Jµ. (44)
The microscopic physics is integrated out in the trans-
port coefficient matrices Ci’s. Here Ci’s are semi-positive
definite and symmetric because of Onsager reciprocal re-
lations. Y µJ → 0 and εJµ → 0 in the limit of corresponding
vanishing chemical potential µJ implies that the trans-
port coefficients for the cross terms between εµν and Y
J
µ ,
or equivalently, εJµ and Yµν , also vanish in the limit. We
uniquely determine the constitutive equations for all the
dissipative currents by solving Eqs. (40)-(42) in terms of
the 10 + 4N dissipative currents εµν and εµJ and then in
terms of Π, δe, Wµ, πµν , δnJ and V
µ
J using the explicit
forms of the distortion of the phase-space distribution
(29)-(30).
We obtain the constitutive equations explicitly by es-
timating the derivatives ∂αI
µνα and ∂αI
µα
J in Eqs. (14)
and (15). Remembering yi = −∑J qJi µJT + pµi (uµT +∑
J q
J
i ε
J
µ) + p
µ
i p
ν
i εµν , their expressions up to the second
order are
∂αI
µνα =
∑
J
J
µνα
j ∂α
µJ
T
− Jµναβ∂α uβ
T
−
∑
J
J
µναβ
j ∂αε
J
β − Jµναβγ∂αεβγ
−
(∑
J,K
K
µναβ
jk ε
J
β +
∑
K
K
µναβγ
k εβγ
)
∂α
µK
T
+
(∑
J
K
µναβγ
j ε
J
γ +K
µναβγδεγδ
)
∂α
uβ
T
,(45)
∂αI
µα
J =
∑
K
J
µα
jk ∂α
µK
T
− Jµαβj ∂α
uβ
T
−
∑
K
J
µαβ
jk ∂αε
K
β − Jµαβγj ∂αεβγ
−
(∑
K,L
K
µαβ
jkl ε
K
β +
∑
L
K
µαβγ
jl εβγ
)
∂α
µL
T
+
(∑
K
K
µαβγ
jk ε
K
γ +K
µαβγδ
j εγδ
)
∂α
uβ
T
, (46)
where the additional moments are defined as
K
µ1···µm
jk··· =
∑
i
∫
(qJi q
K
i · · · )gid3p
(2π)3Ei
f i0(1 + ǫf
i
0)
× (1 + 2ǫf i0)pµ1i · · · pµmi
=
∑
n
[
(∆µ1µ2 · · ·∆µ2n−1µ2nuµ2n+1 ...uµm)
+ (permutations)
]
Kjk···mn . (47)
Again the index jk · · · denotes the additional weight fac-
tors qJi q
K
i · · · in the summation over particle species. The
terms in the third and fourth lines of Eq. (45) which
involve the moments K’s are assumed to be small and
simply omitted in the Israel-Stewart formalism [7]. It
is argued in that paper that the terms proportional to
the Navier-Stokes thermodynamic forces, i.e., D 1
T
, D µ
T
,
∇µuµ, ∇µ 1T , ∇µ µT and ∇〈µuν〉 may not be significant,
even though the terms proportional to acceleration Duµ
are kept in their equations. However, these are actu-
ally of the same order in dissipative currents as the other
second-order terms and should not be neglected to pre-
serve consistency. Equation (46) corresponds to the new
moment equations which do not appear in the original
Israel-Stewart theory.
It is now a straight-forward task to derive the constitu-
tive equations in multi-component systems with multiple
conserved currents. We have from Eqs. (14), (15), (22)-
(24) and (40)-(42),


−Π
δe
δn1
δn2
· · ·

 = J0C0


1
3∂αI
⊥⊤α
∂αI
‖‖α
∂αI
‖α
J1
∂αI
‖α
J2· · ·

 , (48)


Wµ
V
µ
1
V
µ
2
· · ·

 = −J1C1


2∂αI
⊥‖µα
∂αI
⊥µα
J1
∂αI
⊥µα
J2· · ·

 , (49)
πµν = J2C2∂αI⊥⊥µνα, (50)
and when combined with Eqs. (45) and (46), the second-
order constitutive equations for the dissipative currents
7are expressed as follows:
Π = −ζ∇µuµ − τΠDΠ
+
∑
J
χaJΠΠΠD
µJ
T
+ χbΠΠΠD
1
T
+ χcΠΠΠ∇µuµ
− ζΠδeD 1
T
+
∑
J
ζΠδnJD
µJ
T
+
∑
J
χaJΠWWµ∇µ
µJ
T
+ χbΠWWµ∇µ
1
T
+ χcΠWWµDu
µ + χdΠW∇µWµ
+
∑
J,K
χaKΠVJV
J
µ ∇µ
µK
T
+
∑
J
χbΠVJV
J
µ ∇µ
1
T
+
∑
J
χcΠVJV
J
µ Du
µ +
∑
J
χdΠVJ∇µV Jµ
+ χΠpiπµν∇〈µuν〉, (51)
Wµ = −κW
(
1
T
Duµ +∇µ 1
T
)
− τW∆µνDWν
+
∑
J
χaJWWW
µD
µJ
T
+ χbWWW
µD
1
T
+ χcWWW
µ∇νuν
+ χdWWW
ν∇νuµ + χeWWW ν∇µuν
+
∑
J
κWVJ∇µ
µJ
T
−
∑
J
τWVJ∆
µνDV Jν
+
∑
J,K
χaKWVJV
µ
J D
µK
T
+
∑
J
χbWVJV
µ
J D
1
T
+
∑
J
χcWVJV
µ
J ∇νuν
+
∑
J
χdWVJV
ν
J ∇νuµ +
∑
J
χeWVJV
ν
J ∇µuν
+
∑
J
χaJWpiπ
µν∇ν µJ
T
+ χbWpiπ
µν∇ν 1
T
+ χcWpiπ
µνDuν + χ
d
Wpi∆
µν∇ρπνρ
+
∑
J
χaJWΠΠ∇µ
µJ
T
+ χbWΠΠ∇µ
1
T
+ χcWΠΠDu
µ + χdWΠ∇µΠ, (52)
V
µ
J = κVJ∇µ
µJ
T
− τVJ∆µνDV Jν
+
∑
K 6=J
κVJVK∇µ
µK
T
−
∑
K 6=J
τVJVK∆
µνDV Kν
+
∑
K,L
χaLVJVKV
µ
KD
µL
T
+
∑
K
χbVJVKV
µ
KD
1
T
+
∑
K
χcVJVKV
µ
K∇νuν
+
∑
K
χdVJVKV
ν
K∇νuµ +
∑
K
χeVJVKV
ν
K∇µuν
− κVJW
(
1
T
Duµ +∇µ 1
T
)
− τVJW∆µνDWν
+
∑
K
χaVJWW
µD
µK
T
+ χbVJWW
µD
1
T
+ χcVJWW
µ∇νuν
+ χdVJWW
ν∇νuµ + χeVJWW ν∇µuν
+
∑
K
χaKVJpiπ
µν∇ν µK
T
+ χbVJpiπ
µν∇ν 1
T
+ χcVJpiπ
µνDuν + χ
d
VJpi
∆µν∇ρπνρ
+
∑
K
χaKVJΠΠ∇µ
µK
T
+ χbVJΠΠ∇µ
1
T
+ χcVJΠΠDu
µ + χdVJΠ∇µΠ, (53)
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉
+
∑
J
χaJpipiπ
µνD
µJ
T
+ χbpipiπ
µνD
1
T
+ χcpipiπ
µν∇ρuρ + χdpipiπρ〈µ∇ρuν〉
+
∑
J
χaJpiWW
〈µ∇ν〉µJ
T
+ χbpiWW
〈µ∇ν〉 1
T
+ χcpiWW
〈µDuν〉 + χdpiW∇〈µW ν〉
+
∑
J,K
χaJpiVJV
〈µ
J ∇ν〉
µK
T
+
∑
J
χbpiVJV
〈µ
J ∇ν〉
1
T
+
∑
J
χcpiVJV
〈µ
J Du
ν〉 +
∑
J
χdpiVJ∇〈µV
ν〉
J
+ χpiΠΠ∇〈µuν〉. (54)
Here ζ’s, κ’s and η are the first order transport coeffi-
cients which are expressed in terms of the matching ma-
trices Ji and the semi-positive definite matrices Ci. As
we will see in Sec. II B, these transport coefficients satisfy
Onsager reciprocal relations. ζ is called bulk viscosity,
κW energy conductivity, η shear viscosity and κVJ charge
conductivity of the J-th conserved current. τ ’s are the
relaxation times and χ’s are the second order transport
coefficients. The stability conditions are employed at this
point to take out the constitutive equations for δe and
δnJ , and to obtain the second order constitutive equa-
tions for Π, Wµ, V µJ and π
µν . Apparently we also have
8the term χepipiπ
ρ〈µ∇ν〉uρ in Eq. (54), but this term actu-
ally vanishes because orthogonality relation πρµu
ρ = 0
demands χepipi = 0. We have utilized the fact that the
prefactors D’s and B’s appearing in ∂µδf
i are functions
of Jkl···mn ’s, and that their derivatives can be expressed in
terms of the Navier-Stokes thermodynamic forces:
∂µF =
∑
K,L,···
∑
m,n
δF
δJkl···mn
∂µJ
kl···
mn
=
∑
J
∑
K,L,···
∑
m,n
δF
δJkl···mn
Kjkl···mn ∂µ
µJ
T
−
∑
K,L,···
∑
m,n
δF
δJkl···mn
Kkl···(m+1)n∂µ
1
T
. (55)
Here F denotes the prefactors B’s and D’s. Note that if
we define the symmetric traceless thermodynamic force
σµν = 12 (∇µuν +∇νuµ) − 13∆µν∇αuα and the vorticity
ωµν = 12 (∇µuν − ∇νuµ), then πρ〈µ∇ρuν〉 in Eq. (54) is
expressed as
πρ〈µ∇ρuν〉 = πρ〈µσ ν〉ρ + πρ〈µω ν〉ρ +
1
3
πµν∇ρuρ, (56)
which is also a commonly found expression. Likewise,
the identities
W ν∇µuν = W νσµν +W νωµν +
1
3
Wµ∇νuν , (57)
V νJ ∇µuν = V νJ σµν + V νJ ωµν +
1
3
V
µ
J ∇νuν, (58)
are often used. One should be careful that ωµν is an anti-
symmetric tensor. In the first order limit, these consti-
tutive equations reduce to the Navier-Stokes forms.
Our formalism have four major differences from the
conventional method by Israel and Stewart [7]. Firstly,
several second order terms which do not appear in the
Israel-Stewart theory [7] can be found in Eqs. (51)-(54).
Actually, these terms – the terms composed of a dissi-
pative current and a Navier-Stokes thermodynamic force
– are the results of consistent expansion and should also
exist in the case of single component systems. We will
compare our formalism with others in Sec. III and see
most of the second order terms reported in other papers
are found in our formalism. Secondly, we can now calcu-
late the independent second order equations for the vec-
tor dissipative currents Wµ and V µJ , which allows us to
determine these variables in an arbitrary frame, whereas
the Israel-Stewart method yields the three equations for
qµ only. Thirdly, we have different kinetic expressions
of the transport coefficients ζ’s, κ’s, η, τ ’s and χ’s due
to the new moment equations. Note that once the first
order transport coefficients are given, one can estimate
the second order ones and the relaxation times because
they are related within the framework of kinetic theory.
Fourthly, chemically interacting systems with multiple
conserved currents can now be uniquely determined.
B. Onsager Reciprocal Relations
We investigate the extended Israel-Stewart theory in
Sec. II A keeping terms up to the first order and see
that Onsager reciprocal relations are indeed satisfied in
our formalism. The entropy production is, according to
Eq. (16), expressed up to the first order as
∂µs
µ =
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i δy
i∂µf
i
0 +O[∂(δf2)]
=
∑
J
εJµ∂αI
µα
J0 + εµν∂αI
µνα
0 . (59)
Then semi-positive definiteness of the above equation
yields 10 + 4N constitutive equations. It is straight for-
ward to derive the first order constitutive equations as


−Π
δe
δn1
δn2
· · ·

 = A0


1
T
∇µuµ
D 1
T−D µ1
T−D µ2
T· · ·

 , (60)


Wµ
V
µ
1
V
µ
2
· · ·

 = −A1


∇µ 1T + 1TDuµ−∇µ µ1T−∇µ µ2T· · ·

 , (61)
πµν = A2 1
T
∇〈µuν〉. (62)
The explicit forms of the transport coefficient matrices
are expressed as
A0 = J0C0JT0 , (63)
A1 = J1C1JT1 , (64)
A2 = J2C2JT2 , (65)
using the moment equations (14)-(15), the matching of
dissipative currents with ε’s (22)-(24), the second law of
thermodynamics (40)-(42) and


1
3∂αI
⊥⊤α
0
∂αI
‖‖α
0
∂αI
‖α
J10
∂αI
‖α
J20· · ·


= JT0


1
T
∇µuµ
D 1
T−D µ1
T−D µ2
T· · ·

 , (66)


2∂αI
⊥‖µα
0
∂αI
⊥µα
J10
∂αI
⊥µα
J20· · ·

 = JT1


∇µ 1T + 1TDuµ−∇µ µ1T−∇µ µ2T· · ·

 , (67)
∂αI
⊥⊥µνα
0 = JT2
1
T
∇〈µuν〉. (68)
Since Ci, the transport coefficient matrices for εµν and
ε
µ
J , are symmetric, Ai’s are also completely symmet-
ric and Onsager reciprocal relations are satisfied. Also,
A’s are semi-positive definite because C’s are. These are
9the linear transformations of the dissipative currents and
of the thermodynamic forces in the entropy production
mentioned in Appendix A. Note that if the distortion
of the distribution other than Eq. (19) were employed,
the reciprocal relations would not hold since the moment
equations would no longer be uniquely constrained from
the second law of thermodynamics. Here we emphasize
that real hydrodynamic transport coefficients reflect mi-
croscopic physics of the dense medium and are different
from the ones obtained in kinetic theory and that cal-
culation of transport coefficients is not the aim of the
present paper.
It should be noted here that the derivatives of mo-
ments in Eq. (59), ∂αI
µνα
0 and ∂αI
µα
J0 , do not disappear
because f0 is the distribution for local thermal equilib-
rium, not global one. These derivatives, as we have seen,
are the sources of Navier-Stokes thermodynamic forces.
The dissipative currents disappear in local thermal equi-
librium because the transport coefficients vanish, not the
thermodynamic forces.
C. Energy and Particle Frames
The constitutive equations for multi-component sys-
tems with multiple conserved currents (51)-(54) are
frame independent. On the other hand, practically
speaking, it is convenient to simplify the constitutive
equations without losing generality by choosing frames.
There are two conventional ways of choosing a frame
in dissipative hydrodynamics: the energy frame and the
particle frame. They are also known as the Landau frame
and the Eckart frame, respectively. In the energy frame,
we set the flow uµ = uµE in the direction of the flow of
energy so that no leak from fluid elements exists, i.e.,
Wµ = 0. Note that this implies T µνu
ν
E = e0u
µ
E . The
constitutive equations then reduce to
Π = −ζ∇µuµE − τΠDΠ
+
∑
J
χaJΠΠΠD
µJ
T
+ χbΠΠΠD
1
T
+ χcΠΠΠ∇µuµE
− ζΠδeD 1
T
+
∑
J
ζΠδnJD
µJ
T
+
∑
J,K
χaKΠVJV
J
µ ∇µ
µK
T
+
∑
J
χbΠVJV
J
µ ∇µ
1
T
+
∑
J
χcΠVJV
J
µ Du
µ
E +
∑
J
χdΠVJ∇µV Jµ
+ χΠpiπµν∇〈µuν〉E , (69)
V
µ
J = κVJ∇µ
µJ
T
− τVJ∆µνDV Jν
+
∑
K 6=J
κVJVK∇µ
µK
T
−
∑
K 6=J
τVJVK∆
µνDV Kν
+
∑
K,L
χaLVJVKV
µ
KD
µL
T
+
∑
K
χbVJVKV
µ
KD
1
T
+
∑
K
χcVJVKV
µ
K∇νuνE
+
∑
K
χdVJVKV
ν
K∇νuµE +
∑
K
χeVJVKV
ν
K∇µuEν
+ κVJW
(
1
T
Du
µ
E +∇µ
1
T
)
+
∑
K
χaKVJpiπ
µν∇ν µK
T
+ χbVJpiπ
µν∇ν 1
T
+ χcVJpiπ
µνDuEν + χ
d
VJpi
∆µν∇ρπνρ
+
∑
K
χaKVJΠΠ∇µ
µK
T
+ χbVJΠΠ∇µ
1
T
+ χcVJΠΠDu
µ
E + χ
d
VJΠ∇µΠ, (70)
πµν = 2η∇〈µuν〉E − τpiDπ〈µν〉
+
∑
J
χaJpipiπ
µνD
µJ
T
+ χbpipiπ
µνD
1
T
+ χcpipiπ
µν∇ρuρE + χdpipiπρ〈µ∇ρuν〉E
+
∑
J,K
χaJpiVJV
〈µ
J ∇ν〉
µK
T
+
∑
J
χbpiVJV
〈µ
J ∇ν〉
1
T
+
∑
J
χcpiVJV
〈µ
J Du
ν〉
E +
∑
J
χdpiVJ∇〈µV
ν〉
J
+ χpiΠΠ∇〈µuν〉E . (71)
Note here that the term κVJW (
1
T
Du
µ
E+∇µ 1T ) in Eq. (70)
does not vanish even though it contains the first or-
der thermodynamic force for Wµ, because the consti-
tutive equations for Wµ include the term proportional
to κWVJ∇µ µJT in turn. These phenomena are known
as Soret effect and Dufour effect respectively in non-
equilibrium statistical mechanics [35].
The particle frame in single conserved current systems
is defined as the frame where no leak of the charge is ob-
served. Naively this is not well defined when more than
one conserved current is present because in the frame
where V µJ = 0, the other currents would not vanish, i.e.,
V
µ
K 6= 0 for J 6= K. In this respect we should consider
the average particle frame where the sum of the charge
dissipation vanishes in the case of multi-conserved cur-
rent systems. We define here the heat current qµ in a
system with N conserved currents as
qµ = Wµ −
∑
J
e0 + P0
nJ0
V
µ
J , (72)
which corresponds to the energy conduction through pure
heat conduction because the contributions from particle
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diffusions are subtracted. In the average particle frame
one expects qµ = Wµ, or equivalently,
∑
J
V
µ
J
nJ
= 0. The
flow in this frame can be written as
u
µ
N =
1
N
∑
J
N
µ
J
nJ0
, (73)
which is the average of the flows in one-current particle
frames. The resulting constitutive equations have the
same tensor structure as shown in Eqs. (51)-(54) because
each charge current VJ does not vanish.
III. DISCUSSION
Several comments are in order here.
Firstly, we have derived the constitutive equations
from the law of increasing entropy only. Actually this
should be the case for dissipative hydrodynamic formal-
ism because it is the only thermodynamic relation which
implies irreversible processes. This is in good contrast
to the fact that ideal hydrodynamic equations of mo-
tion, which describe time reversible processes, are the
energy-momentum conservation and the charge number
conservations.
Secondly, if one decomposed δT µν and δNµJ into each
component i, one would have obtained the equations
which might be much similar to the single component
constitutive equations. The problems are, however, that
(a) some transport coefficients such as bulk viscosity can-
not be trivially separated into components, (b) in ad-
dition to the constitutive equations one needs to solve
the energy-momentum conservation and the charge num-
ber conservations but they do not hold for each particle
species and (c) the distortion of the distribution cannot
be determined in such methods without introducing addi-
tional microscopic physics, which often causes lack of gen-
erality. Such constitutive equations would not be equiva-
lent to the constitutive equations we obtained. Moreover,
such equations can be applied only for the system with
(quasi-)particle picture. In general, it is not the case, in
particular, in the vicinity of phase transition or in highly
dense system.
In the following we would like to investigate other ap-
proaches and discuss the correspondences between these
approaches and our formalism.
A. Ambiguities of Second Order Equations in
Phenomenological Approaches
We calculate the entropy production up to the sec-
ond order and investigate the possibility of deriving
10 + 4N second order equations from the law of increas-
ing entropy by extending the approach mentioned in Ap-
pendix A. We find that second-order equations cannot be
uniquely determined in this way. As mentioned before,
the derivation of the second order constitutive equations
requires the information of δf i. If we alternatively ex-
pand Eq. (A2) up to the second order, we obtain
∂µs
µ =
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i
[
δf i∂µy
i
0 + δf
i∂µδy
i
+
1
2
f i0(1± f i0)(1± 2f i0)δyi2∂µyi0
]
, (74)
which is equivalent to Eq. (16) at this order. In this
case the last term is problematic in obtaining second
order equations; it involves the terms with two dissipa-
tive currents coupled with one thermodynamic force, e.g.,
ΠWµ∇µ 1T when δyi is estimated in the moment expan-
sion. These terms cannot be naively associated with one
of the dissipative currents to forcefully obtain 10 + 4N
equations because generally the dissipative currents of
different tensor structure can be found in the second or-
der terms, e.g., ∇µΠ terms in the equation for Wµ and
V µ.
We further consider whether a more phenomenologi-
cal approach [7, 13], in which one expands the entropy
current with respect to dissipative currents and uses the
second law of thermodynamics, yields full second order
constitutive equations. If one assumes that the second
order distortion of entropy current (A12) can be naively
written as the sum of all the possible second order terms
in the dissipative currents, one has
δs
µ
(2) = (α
ΠΠ
0 Π
2 + αδeδe0 δe
2 +
∑
J,K
αδnJδnK0 δnJδnK
+ αΠδe0 Πδe +
∑
J
αΠδnJ0 ΠδnJ +
∑
J
αδeδnJ0 δeδnJ
+ αWW0 W
νWν +
∑
J
αWVJ0 W
νV Jν
+
∑
J,K
αVJVK0 V
ν
J V
K
ν + α
pipi
0 π
νρπνρ)u
µ
+ αΠW1 ΠW
µ +
∑
J
αΠVJ1 ΠV
µ
J + α
δeW
1 δeW
µ
+
∑
J
αδeVJ1 δeV
µ
J +
∑
J
αδnJW1 δnJW
µ
+
∑
J,K
αδnJVK1 δnJV
µ
K + α
Wpi
1 Wνπ
µν
+
∑
J
αVJpi1 V
J
ν π
µν , (75)
where α’s are coefficients. Again the derivative of the
entropy current involves the terms with two dissipative
currents coupled with one thermodynamic gradient, so
we cannot determine the second order constitutive equa-
tions in this way. Such terms are naively dropped in
Ref. [7].
It is note-worthy that if one considers kinetic theory
with our extended Grad’s moment method to estimate
Eq. (A12), the resulting entropy current will have the
same tensor structure as Eq. (75) does. In this case
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the coefficients α’s are fixed in kinetic theory. When
one writes down the entropy current first then takes its
derivative this way, however, the terms proportional to
Ππµν do not seem to appear in sµ and consequently in the
constitutive equations since the only possible way to con-
struct Lorentz vector from bulk-shear term at the second
order is Ππµνuν = 0. This does not contradict our results
because there remains the ambiguity that we can add ar-
bitrary amount of Ππµν∂µuν−πµνΠ∂µuν(= 0) to the en-
tropy production, and associate one term with the consti-
tutive equation for the bulk pressure and the other with
the ones for the shear stress tensor. This corresponds to
formally keeping αΠpi1 Ππ
µνuν(= 0) in the entropy cur-
rent. In other words, constitutive equations from kinetic
theory in general can have the bulk-shear terms, although
most of the conventional formalisms seem to be unaware
of it, possibly because they cannot determine the amount
of such terms.
Thus the constitutive equations cannot be uniquely
determined by the phenomenological approach, nor by
simply taking derivative of the expansion of the entropy
current (A12) in kinetic theory. The ambiguity of as-
sociating terms to constitutive equations, of course, is
removed in our extended Israel-Stewart formalism.
B. Single-Component Systems without Chemical
Interaction
In the conventional second order theories, includ-
ing Israel-Stewart theory, only the moment equations
∂αI
µνα = Y µν (14) are considered. Naively speaking
the number of equations is 10 in this case, but if the
single component systems with no particle production
nor annihilation are assumed the particle number cur-
rent Nµ becomes the conserved current, and the num-
ber of equations is reduced to 9. This is because the
trace of the moment equations gµν∂αI
µνα = gµνY
µν co-
incides with the number conservation ∂µN
µ = 0, i.e.,
∂αI
µα
µ = m
2∂µN
µ = 0 in kinetic theory. The two scalar
equations uµuν∂αI
µνα = uµuνY
µν and ∆µν∂αI
µνα =
∆µνY
µν then become identical. On the other hand, the
number of dissipative currents is 14 but can also be re-
duced to 9 by using the stability conditions δe = δn = 0
and choosing the frame to drop 3 dissipative currents
from either Wµ or V µ. This means Π, qµ and πµν are
considered. Here the heat current qµ in single component
systems is defined as
qµ = Wµ − e0 + P0
n0
V µ, (76)
which reduces to either Wµ or V µ depending on whether
one chooses the particle frame or the energy frame. How-
ever, the number of equations and that of dissipative
currents no longer match in multi-component systems,
because as mentioned earlier
gµν∂αI
µνα =
∑
i
m2i
∫
gid
3p
(2π)3Ei
pαi ∂αf
i 6= 0, (77)
is not a conserved current even if no particle production
nor annihilation is assumed. In a system with particle
creations and annihilations which we consider in this pa-
per, what one really has is the charge number conserva-
tions ∂µN
µ
J = 0. Thus we have 10 moment equations in
multi-component systems. This means that naive gen-
eralization of the conventional second order theory to
multi-component systems does not work because only 9
dissipative currents are considered there. Also if the sys-
tem has more than one conserved current, the number of
vector dissipative currents exceeds that of equations even
if the frame is fixed.
The apparent inconsistency between the number of
equations and that of unknowns arise from the three
facts. Firstly, the stability conditions δe = δnJ = 0 are
employed prematurely and 1+N unknowns are omitted.
The stability conditions are employed to ensure that the
system is in maximum entropy state, i.e., thermodynami-
cally stable, and thus are different physics from the count
of the number of unknowns in kinetic theory. In this
sense the stability conditions have to be considered after
the constitutive equations are derived. Secondly, the mo-
ment equations ∂αI
µα
J = Y
µ
J (15) are not considered for
the systems with conserved currents. This means that
4N equations are missing in the formalism. Thirdly, in
the conventional approach, one considers the heat current
qµ instead of the energy current Wµ and the charge cur-
rents V µJ , possibly due to the limitation of the number of
equations. This means 3 out of 3+3N vector dissipative
currents are taken into account. Thus it is impossible to
determine all the vector dissipative currents Wµ and V µJ
simultaneously in an arbitrary frame within the conven-
tional Israel-Stewart approach. Related discussion can
be found in Appendix C.
C. Correspondences with Other Formalisms
We would like to discuss correspondences between our
formalism and other frameworks. It should be noted that
naive comparisons cannot be made because all the other
formalisms are derived in systems with single component
and/or single conserved current and are sometimes frame
dependent. Therefore we take specific conditions such as
the energy frame or the particle frame in the single con-
served current limit to make the correspondences clear.
1. Constitutive Equations from AdS/CFT
We compare our results with the conformal equations
for πµν based on Anti de-Sitter Space/Conformal Field
Theory (AdS/CFT) correspondence [16]. Our constitu-
tive equations for the shear stress tensor (54) can be ex-
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pressed as, in the conformal limit Π = 0,
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉 + χdpipiπρ〈µων〉ρ
+ χdpipiπ
ρ〈µσν〉ρ +
(
1
3
χdpipi + χ
c
pipi
)
πµν∇ρuρ
+ χbpipiπ
µνD
1
T
, (78)
when estimated in the energy frame and in the zero net
charge density limits. The identity (56) is used here. The
first term is the Navier-Stokes term, the following two
terms are the conventional second order terms, and the
terms in the second line are the new terms that appear
when the consistent expansion is performed as mentioned
in the previous section. It is note-worthy that the term
proportional to Π∇〈µuν〉 is omitted in the conformal limit
but is equivalent to the πµν∇ρuρ term in second order
theory, because both reduces to −ζ(or 2η)∇〈µuν〉∇ρuρ
when the first order expressions are utilized. The former
vanishes while the latter does not, because the transport
coefficient ζ vanishes in the conformal limit, not the ther-
modynamic force itself.
On the other hand, the constitutive equations from
Ref. [16] in flat space are
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉 − d
d− 1τpiπ
µν∇ρuρ
+
λ1
η2
πρ〈µπν〉ρ −
λ2
η
πρ〈µων〉ρ + λ3ω
ρ〈µων〉ρ , (79)
where notations are adjusted to our formalism. This
holds for single component systems, but direct compar-
ison with our formalism can be made because the con-
stitutive equations of the shear stress tensor is free from
the non-trivialities of multi-component systems. Note
that the terms proportional to πµνD 1
T
in Eq. (78) can
be absorbed in the πµν∇ρuρ term, because of the ideal
hydrodynamic relation
TD
1
T
=
(
∂P0
∂e0
)
n0
∇µuµ. (80)
Then obvious correspondences can be found for all the
terms, except for the ωρ〈µω
ν〉
ρ term; the terms with no
dissipative currents generally do not appear in our for-
malism, because the distribution is expanded in terms
of the dissipative currents with Grad’s moment method.
The AdS/CFT approach [16] yields that term because
all the possible terms which are consistent with their
approach are added manually in the derivation. If one
added the vorticity-vorticity term phenomenologically in
our formalism, that would be inconsistent in the context
of the derivation in kinetic theory.
2. Constitutive Equations from Renormalization Group
Method
Next we investigate the correspondences between the
constitutive equations obtained in this paper and the
ones from renormalization group approach [15]. Here we
consider a single conserved current system. In the energy
frame the constitutive equations from that paper are
Π = −ζ∇µuµ − τΠDΠ
+ τΠ
[
− 1
2
Tζ
τΠ
∂µ
(
τΠu
µ
Tζ
)
+
1
2
(
−Dµ
T
+ Tδ
(0)
Π D
1
T
+ δ
(1)
Π ∇µuµ
)]
Π
+ lΠV
[
−∇µ µ
T
+ TδΠV
(
∇µ 1
T
+
1
T
Duµ
)]
V µ
− lΠV∇µV µ + lΠpi∇〈µuν〉πµν , (81)
V µ = κ
(
n0T
e0 + P0
)2
∇µ µ
T
− τV∆µνDV ν
+ τV
{
− 1
2
κ
τV
(
n0T
e0 + P0
)2
∂ν
[
τV u
ν
κ
(
e0 + P0
n0T
)2]
+
1
2
(
−Dµ
T
+ Tδ
(0)
V D
1
T
+
5
3
δ
(1)
V ∇νuν
)}
V µ
+ τV δ
(1)
V 2∇〈µuν〉Vν
+ lV pi
[
−∇ν µ
T
+ TδV pi
(
∇ν 1
T
+
1
T
Duν
)]
πµν
− lV pi∇νπ〈µν〉
+ lVΠ
[
−∇µ µ
T
+ TδVΠ
(
∇µ 1
T
+
1
T
Duµ
)]
Π
− lVΠ∇µΠ, (82)
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉
+ τpi
[
− 1
2
Tη
τpi
∂ρ
(
τpiu
ρ
Tη
)
+
1
2
(
−Dµ
T
+ Tδ(0)pi D
1
T
+
7
3
δ(1)pi ∇ρuρ
)]
πµν
+ τpiδ
(1)
pi 4π
ρ〈µσν〉ρ
+ lpiV
[
−∇〈µ µ
T
+ TδpiV
(
∇〈µ 1
T
+
1
T
Du〈µ
)]
V ν〉
− lpiV∇〈µV ν〉 + lpiΠ∇〈µuν〉Π. (83)
Our formalism includes the vorticity terms ωµνVν and
πρ〈µω
ν〉
ρ whereas Eqs. (82) and (83) do not. On the other
hand the terms which involve derivatives of transport
coefficients do not exist in our formalism, because such
terms cannot be expressed with dissipative currents, un-
less we assume kinetic theory for the relaxation times over
viscosities, e.g., τΠ
ζ
, and express them in terms of Jmn’s.
Here we note that, as is the case for ordinary hydrody-
namics, these coefficients depend on space-time coordi-
nates through their temperature and chemical potential
dependences in our formalism. Aside from the differences
accounted for non-trivialities of multi-component sys-
tems, the equations have almost the same tensor struc-
ture as that in our formalism with different coefficients.
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The similarity in tensor structure is worth-mentioning,
considering that their formalism uses the technique based
on renormalization group theory and thus is different
from our formalism. It should be mentioned that this
formalism has frame dependence, and the forms of the
constitutive equations differ from the above ones when
the particle frame is employed.
3. Constitutive Equations from Methods of 14 Moments
The second order single-component constitutive equa-
tions in the original Israel-Stewart formalism [7] are
Π = −ζ∂µuµE − ζβ0DΠ
+ ζa′0q
µDu
µ
E + ζα0∂µq
µ, (84)
qµ = κT
n0T
e0 + P0
∇µ µ
T
− κTβ1∆µνDqν
+ κTβ1ω
µνqν
+ κTa1π
µνDuEν + κTα1∆
µν∂ρπνρ
+ κTa0ΠDu
µ
E + κTα0∇µΠ, (85)
πµν = −2η∇〈µuν〉E − 2ηβ2Dπ〈µν〉
+ 4ηβ2π
〈µ
ρ ω
ν〉ρ
+ 2ηa′1q
〈µDuν〉 + 2ηa1∂
〈µqν〉. (86)
Note that the metric used in the above paper is opposite
to ours, which is the source of the negative sign before η in
the first term in Eq. (86). Here single conserved current
systems with binary collisions are considered. Compared
with our formalism, they discards the second order terms
with respect to the first order thermodynamic forces, i.e.,
D 1
T
, D µ
T
, ∇µuµ, ∇µ 1T , ∇µ µT , and ∇〈µuν〉, stating they
would be small. It is worth-mentioning, however, that
the terms proportional to acceleration Duµ are kept in
the equations.
Several post Israel-Stewart second-order terms are
found for single component systems in Ref. [13] by phe-
nomenologically expressing the entropy currents in terms
of the dissipative currents up to the second order. The
constitutive equations are, in the particle frame,
Π = −ζ∂µuµ − τΠDΠ
− 1
2
ζT∂µ
(
τ0u
µ
ζT
)
Π+ τ0∇µqµ, (87)
qµ = κ(∇µT − TDuµ)− τq∆µνDqν
+
1
2
κT 2∂ν
(
τuν
κT 2
)
qµ
− τ1∇νπµν − τ0∇µΠ, (88)
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉
− ηT∂λ
(
τ2u
λ
2ηT
)
πµν + τ2∇〈µqν〉. (89)
The new terms here are the ones proportional to Π∇µuµ,
qµ∇νuν and πµν∇ρuρ. Terms which involve acceleration
Duµ do not appear in the second order terms. It is also
mentioned in the paper that when the kinetic approach
is employed, vorticity terms τqω
µνqν and τpiπ
〈µ
λ ω
ν〉λ ap-
pear in Eq. (88) and in Eq. (89), respectively. Note
that due to the ambiguities of the phenomenological ap-
proaches mentioned in Sec. III A, bulk pressure Π does
not appear in the constitutive equations of shear stress
tensor πµν , and vice versa.
More second order terms are reported in Ref. [21] in
the framework of Israel-Stewart theory with Grad’s 14-
moment method. Actually when our formalism is re-
duced to single conserved current systems and the non-
trivialities of the multi-component systems are omitted,
the third moment equations from the two formalisms
should become equivalent except for transport coeffi-
cients because both of them follow Israel-Stewart theory
consistently. The apparent difference from our formalism
comes from expansions. They expand Iµνα first and then
take the derivative
∂αI
µνα = ∂αI
µνα
0 − ∂α(Jµναε)
− ∂α(Jµναβεβ)− ∂α(Jµναβγ ε˜βγ), (90)
whereas we take the derivative first, then expand it as
shown in Eq. (45). Here ε˜βγ = εβγ − Tr(εβγ)4 gβγ is a
traceless tensor. The coefficient ε can be identified with
Tr(εβγ)
4 in single component systems.
The two expansions should yield the same results up
to the second order in small quantities, because both of
them expand the derivative of the distribution as
∂αf = −f0(1 ± f0)∂αy0 − f0(1± f0)∂αδy
+ f0(1± f0)(1 ± 2f0)δy∂αy0. (91)
The first term of the right hand side corresponds to the
Navier-Stokes limit. The second term is the source of
the Israel-Stewart second order terms which includes the
derivatives of the dissipative currents. Note that all the
terms derived from this second term do not appear in the
original paper by Israel and Stewart [7] as mentioned ear-
lier. The third term corresponds to “new” terms that are
not shown in Ref. [7]. These terms cannot be neglected
because they are also second order terms.
We again consider the energy frame to compare our
multi-component results with single component ones,
i.e., qµ = − n0
e0+P0
V µ. According to Ref. [21], the con-
stitutive equations are
Π = −ζ∇µuµ − τΠDΠ
− ζδˆ0Π∇µuµ + τΠqqµDuµ − lΠq∂µqµ
+ λΠqqµ∇µ µ
T
+ λΠpiπµν∇〈µuν〉, (92)
14
qµ = κT
n0T
e0 + P0
∇µ µ
T
− τq∆µνDqν
− κT δˆ1qµ∇νuν − λqq∇〈µuν〉qν + τqωµνqν
+ λqpiπ
µν∇ν µ
T
− τqΠπµνDuν − lqpi∆µν∂λπνλ
+ λqΠΠ∇µ µ
T
+ τqΠΠDu
µ + lqΠ∇µΠ, (93)
πµν = 2η∇〈µuν〉 − τpiDπ〈µν〉
− 2ηδˆ2πµν∇λuλ − 2τpiπ 〈µλ σν〉λ + 2τpiπ 〈µλ ων〉λ
− 2λpiqq〈µ∇ν〉 µ
T
+ 2τpiqq
〈µDuν〉 + 2lpiq∂
〈µqν〉
+ 2λpiΠΠ∇〈µuν〉, (94)
which should be identified with our constitutive equa-
tions by taking into account the ideal hydrodynamic re-
lations (80) and
TD
µ
T
= −
(
∂P0
∂n0
)
e0
∇µuµ, (95)
∇µ 1
T
+
1
T
Duµ =
n0
e0 + P0
∇µ µ
T
, (96)
and the identities (56) and (58).
A generalization of Israel-Stewart theory to a relativis-
tic gas mixture is investigated in Ref. [11]. Their formal-
ism is different from ours in several aspects. The systems
with no particle creation or annihilation are considered
in that paper, i.e., the numbers of each particle species
are conserved, while we consider the systems with conser-
vations based on quantum numbers. Their derivation of
the equations of motion explicitly depends on the Boltz-
mann equation, and the dissipative currents are split for
each components. On the other hand, our formalism aims
derivation of the dissipative hydrodynamic equations and
dissipative currents cannot be split. In the single compo-
nent limit that formalism reduces to the original Israel-
Stewart formalism without acceleration Duµ and vortic-
ity ωµν .
IV. CONCLUSIONS
We have derived second order constitutive equations
in multi-component systems with multiple conserved cur-
rents. Several new second order terms which do not ap-
pear in the original Israel-Stewart theory are obtained.
We found that naive generalization of the conventional
Israel-Stewart theory fails due to the mismatching of the
number of equations and that of dissipative currents.
Several non-trivialities have to be taken into account
for consistent derivation of the constitutive equations.
Firstly, one must employ the stability condition after the
derivation of the constitutive equations. This is impor-
tant because if the conditions were employed beforehand,
the correspondences between the numbers of equations
and unknowns would be lost and the system could be de-
scribed only when sets of assumptions are made, as one
can see in the case of single component systems with one
conserved current and no chemical interaction. Secondly,
in systems with conserved currents, additional moment
equations, which are the second moments of the distribu-
tion f i with conserved charges as weight factors, should
be introduced. This allows us to describe the system
completely. Thirdly, Grad’s moment method for the de-
termination of the distortion of the distribution, which
is necessary for the derivation of the second order con-
stitutive equations, should also be modified to match the
number of equations and that of unknowns. We gen-
eralized the moment method so that the resulting con-
stitutive equations satisfy Onsager reciprocal relations.
Fourthly, the law of increasing entropy requires the cor-
rection tensor to the distribution εµν to have finite trace
in multi-component systems.
We explicitly calculated the entropy production in ki-
netic theory and made clear that the extended Israel-
Stewart theory with the moment method indeed satis-
fies in the first order limit the Onsager reciprocal rela-
tions which demand the transport coefficient matrices to
be symmetric. It is important to note that all thermo-
dynamic forces of the same tensor order appear in the
constitutive equation for a dissipative current. For ex-
ample, the charge diffusion due to the spatial gradient in
temperature is known as Soret effect and energy dissipa-
tion due to the spatial gradient in chemical potential as
Dufour effect. We further investigated other formalisms,
and the phenomenological approaches are found to be un-
suitable for the derivation of the second order equations
because they include ambiguities in associating second
order terms to the constitutive equations. Our second
order multi-component equations mostly agree with the
equations of other formalisms in the single conserved cur-
rent limit, except for the transport coefficients and for the
presence of independent equations of Wµ and V µJ in our
formalism.
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Appendix A: First Order Dissipative
Hydrodynamics for Multi-Component Systems with
Multiple Conserved Currents
We briefly review first order dissipative hydrodynam-
ics for relativistic multi-component systems with multiple
conserved currents with emphasis on the Onsager recip-
rocal relation. The entropy current is expanded in terms
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of δf i = f i − f i0 as
sµ = sµ0 +
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i y
i
0δf
i +O(δf2), (A1)
up to the first order. Then the entropy production is
∂µs
µ =
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i δf
i∂µy
i
0 +O[∂(δf2)]
≈ δT µν∂µ uν
T
−
∑
J
δN
µ
J ∂µ
µJ
T
= δeD
1
T
−Π 1
T
∇µuµ +Wµ
(
∇µ 1
T
+
1
T
Duµ
)
+ πµν
1
T
∇〈µuν〉 −
∑
J
δnJD
µJ
T
−
∑
J
V
µ
J ∇µ
µJ
T
. (A2)
Here we have used the energy-momentum conservation
and the charge number conservations for the first equal-
ity. Then one finds that the dissipative currents should
be expressed as
δe = ζδeδeD
1
T
−
∑
J
ζδeδnJD
µJ
T
+ ζδeΠ
1
T
∇µuµ, (A3)
Π = −ζΠΠ 1
T
∇µuµ − ζΠδeD 1
T
+
∑
J
ζΠδnJD
µJ
T
, (A4)
Wµ = −κWW
(
∇µ 1
T
+
1
T
Duµ
)
+
∑
J
κWVJ∇µ
µJ
T
, (A5)
πµν = 2ηpipi
1
T
∇〈µuν〉, (A6)
δnJ = −
∑
K
ζδnJδnKD
µK
T
+ ζδnJΠ
1
T
∇µuµ
+ ζδnJδeD
1
T
, (A7)
V
µ
J =
∑
K
κVJVK∇µ
µK
T
− κVJW
(
∇µ 1
T
+
1
T
Duµ
)
, (A8)
in linear response theory. ζ = ζΠΠ
T
is bulk viscosity,
κW = κWW energy conductivity, η =
ηpipi
T
shear viscos-
ity and κVJ = κVJVJ charge conductivity of the J-th
conserved current. Note that different thermodynamic
forces of the same tensor order are allowed in constitu-
tive equations, such as the gradient of µJ
T
in the con-
stitutive equation for Wµ. For such “cross terms”, the
transport coefficients should satisfy Onsager reciprocal
relations [33], e.g., κWVJ = κVJW and have to be so
chosen that semi-positive definiteness of the entropy pro-
duction is preserved.
One might think each term in Eq. (A2) should be ex-
pressed as a quadratic form in dissipative currents to
obey the second law of thermodynamics, e.g., Wµ ∝
(∇µ 1T + 1TDuµ) and some of the cross terms seemingly
violate it when Onsager reciprocal relation is considered.
However we can choose the coefficients so that the law of
increasing entropy is actually satisfied. If we denote the
dissipative currents of the same tensor order as Jp and
the corresponding thermodynamic forces as Xp, then the
entropy production for this tensor order is
∂µs
µ =
∑
p
JpXp. (A9)
The dissipative currents in linear response theory are ex-
pressed as Jp =
∑
q CpqXq where Cpq = Cqp is an ele-
ment of the transport coefficient matrix. Thus we have
∂µs
µ =
∑
p,q
XpCpqXq. (A10)
On the other hand, one can diagonalize any symmetric
matrix with a certain orthogonal matrix P−1 = PT as
Cpq =
∑
r,s Ppr(C
′
rδrs)Psq . Here one requires the diago-
nal elements C′r must be positive. Then
∂µs
µ =
∑
p,q,r,s
XpPpr(C
′
rδrs)PsqXq
=
∑
r,s
X ′r(C
′
rδrs)X
′
s
=
∑
r
C′rX
′2
r ≥ 0, (A11)
is obtained where X ′p =
∑
q PpqXq. It means that if
the appropriate linear combinations of the thermody-
namic forces are taken, the entropy production can be
expressed in quadratic forms, which obviously satisfies
its semi-positive definiteness.
It is important to mention that the constitutive equa-
tions for δe and δnJ have no meanings when the stability
conditions are employed because they require δe = δnJ =
0. The constitutive equations are in the form of linear
response to the thermodynamic force such as ∇µuµ or
∇〈µuν〉. Note here that first order theory is independent
of the specific form of the distribution f i.
These first order expressions are acausal and unstable
[5] because they allow instantaneous propagation, and
one has to consider the second order corrections to sµ
to obtain a causal theory. The expansion of the entropy
current at the second order yields
δs
µ
(2) = −
1
2
∑
i
∫
gid
3p
(2π)3Ei
p
µ
i
δf i2
f i0(1± f i0)
, (A12)
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which is negative when contracted with the flow uµ, rep-
resenting the fact that system is in maximum entropy
state. This is the thermodynamic stability condition at
the second order. Its derivative ∂µδs
µ
(2) obviously requires
the information of δf i. This suggests that, unlike first
order theory, second order theory in general depends on
how the distribution is estimated.
Appendix B: Second Order Distortion of
Distribution
The expansion of the phase space distribution f i =
[exp (yi)∓ 1]−1 around the local equilibrium distribution
f i0 up to the second order yields the distortion of the
distribution
δf i = −f i0(1± f i0)δyi +
1
2
f i0(1± f i0)(1± 2f i0)δyi2. (B1)
We estimate δyi in the extended moment method as
δyi = pµi
∑
J q
J
i ε
J
µ + p
µ
i p
ν
i εµν , and the distortion up to
the second order is expressed as
δf i = −f0(1± f0)(pµi
∑
J
qJi ε
J
µ + p
µ
i p
ν
i εµν)
+
1
2
f0(1± f0)(1± 2f0)(pµi pνi
∑
J,K
qJi q
K
i ε
J
µε
K
ν
+ 2pµi p
ν
i p
ρ
i
∑
J
qJi ε
J
µενρ + p
µ
i p
ν
i p
ρ
i p
σ
i εµνερσ).(B2)
In principle, the 10+4N unknowns are again determined
by matching the macroscopic dissipative currents with
the ones calculated in kinetic theory. Unlike in first or-
der theory, though, the distortion involves higher order
contributions in terms of the dissipative currents. The
resultant εJµ and εµν would be, by omitting the third and
higher order contributions, expressed as follows:
εµν =
(
BΠΠ+Bδeδe+
∑
J
BδnJ δnJ
)
∆µν
+
(
B˜ΠΠ+ B˜δeδe+
∑
J
B˜δnJ δnJ
)
uµuν
+ 2BWu(µWν) + 2
∑
J
BVJu(µV
J
ν) +Bpiπµν
+
(
βΠΠΠ
2 + βδeδeδe
2 +
∑
J,K
βδnJδnK δnJδnK
+ βΠδeΠδe +
∑
J
βΠδnJΠδnJ +
∑
J
βδeδnJ δeδnJ
+ βWWW
ρWρ +
∑
J
βWVJW
ρV Jρ
+
∑
J,K
βVJVKV
ρ
J V
K
ρ + βpipiπ
ρσπρσ
)
∆µν
+
(
β˜ΠΠΠ
2 + β˜δeδeδe
2 +
∑
J,K
β˜δnJδnK δnJδnK
+ β˜ΠδeΠδe +
∑
J
β˜ΠδnJΠδnJ +
∑
J
β˜δeδnJ δeδnJ
+ β˜WWW
ρWρ +
∑
J
β˜WVJW
ρV Jρ
+
∑
J,K
β˜VJVKV
ρ
J V
K
ρ + β˜pipiπ
ρσπρσ
)
uµuν
+ 2βΠWΠW(µuν) + 2
∑
J
βΠVJΠV
J
(µuν)
+ 2βδeW δeW(µuν) + 2
∑
J
βδeVJ δeV
J
(µuν)
+ 2
∑
J
βδnJWΠW(µuν) + 2
∑
J,K
βδnJVKδnJV
K
(µ uν)
+ 2βWpiW
ρπρ(µuν) + 2
∑
J
βVJpiV
ρ
J πρ(µuν)
+ βΠpiΠπµν + βδepiδeπµν +
∑
J
βδnJpiδnJπµν
+ β¯WWWµWν +
∑
J
β¯WVJWµV
J
ν
+
∑
J,K
β¯VJVKV
J
µ V
K
ν + β¯pipiπ
ρ
µ πνρ, (B3)
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εJµ =
(
DJΠΠ+D
J
δeδe+
∑
K
DJδnK δnK
)
uµ
+ DJWWµ +
∑
K
DJVKV
K
µ
+
(
δJΠΠΠ
2 + δJδeδeδe
2 +
∑
K,L
δJδnKδnLδnKδnL
+ δJΠδeΠδe+
∑
K
δJΠδnKΠδnK +
∑
K
δJδeδnK δeδnK
+ δJWWW
νWν +
∑
K
δJWVKW
νV Kν
+
∑
K,L
δJVKVLV
ν
KV
L
ν
)
uµ + δ
J
ΠWΠWµ + δ
J
δeW δeWµ
+
∑
K
δJδnKW δeWµ +
∑
K
δJΠVKΠV
K
µ
+
∑
K
δJδeVK δeV
K
µ +
∑
K,L
δJδnKVLδnKV
L
µ
+ δJWpiW
νπµν +
∑
K
δJVKpiV
ν
Kπµν , (B4)
where δ’s and β’s are the second order prefactors which
can be calculated in kinetic theory. These new terms
might add higher order contributions on the left hand
side of the second order constitutive equations (51)-(54)
which can be absorbed into the right hand side by using
the Navier-Stokes expressions for the dissipative currents
Π, Wµ, V µJ and π
µν .
Appendix C: Multi-Component Systems with Single
Conserved Current
If the system has only one conserved current, then
the number of dissipative currents match that of un-
knowns within the framework of the conventional Grad’s
14-moment method even if inelastic collisions are present.
Then we have
δyi = pµi εµ + p
µ
i p
ν
i εµν , (C1)
instead of Eq. (19). The expression for the entropy pro-
duction is modified to
∂µs
µ = εµν∂αI
µνα ≥ 0, (C2)
which means the second moment charge-weighted mo-
ment equations ∂αI
µα
J = Y
µ
J cannot be constrained from
the second law of thermodynamics. If we assume that
Y
µ
J is a macroscopic quantity which can be expressed as
a linear combination of all the dissipative currents, we
obtain the same constitutive equations as Eqs. (51)-(54)
with different transport coefficients. For the scalar, the
vector and the tensor dissipative currents, Onsager’s re-
ciprocal relations can be satisfied if we are allowed to
adjust the transport coefficient matrices Ci’s and if the
semi-positive definiteness of the resulting transport coef-
ficient matrices Ai is preserved. Since this formalism is
not equivalent to the multiple conserved current theory
we developed, it should be investigated which formalism
we should follow to discuss the single conserved current
systems.
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